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We present a theoretical analysis of recent experiments on current-driven vortex dynamics in
the Corbino disk geometry. This geometry introduces controlled spatial gradients in the driving
force and allows the study of the onset of plasticity and tearing in clean vortex lattices. We describe
plastic slip in terms of the stress-driven unbinding of dislocation pairs, which in turn contribute to the
relaxation of the shear, yielding a nonlinear response. The steady state density of free dislocations
induced by the applied stress is calculated as a function of the applied current and temperature. A
criterion for the onset of plasticity at a radial location r in the disk yields a temperature-dependent
critical current that is in qualitative agreement with experiments.

distance from the center of the disk. For small applied
currents, the local shear stresses are negligible and the
vortex array moves as a rigid body. Larger currents (or
even vanishingly small currents in a glassy solid) result
in a strong spatially inhomogeneous stress, σ(r, I). The
solid “breaks up” in concentric annular regions flowing at
different velocity and the response is highly nonlinear.10
The voltage profiles measured experimentally by placing
a series of voltage taps in the radial direction (see Fig. 1)
reflect the different dynamical correlation lengths in the
fluid, plastic and elastic regimes. In a given experiment,
shear-induced plastic slip is observed to occur at different
values of the applied current in different regions of the
sample. This is a direct consequence of the controlled
spatial inhomogeneity of the shear stress.

I. INTRODUCTION

In the mixed state of type-II superconductors the magnetic field is concentrated in an array of flexible flux
bundles that, much like ordinary matter, can form crystalline, liquid and glassy phases.1,2 In clean systems the
vortex solid melts into a flux liquid via a first order phase
transition.1 If the barriers to vortex line crossing are
high, a rapidly cooled vortex liquid can bypass the crystal phase and get trapped in a metastable polymer-like
glass phase, much like ordinary window glass.3 The diversity of vortex structures is further increased by pinning
from material disorder, which leads to a variety of novel
glasses.4,5
Of particular interest is the dynamics of the vortex array in the various phases and in the proximity of a phase
transition. In the liquid phase the vortex array flows
yielding a linear resistivity. In the presence of large scale
spatial inhomogeneities, the liquid flow can be highly
nonlocal due to interactions and entanglement.6,7 The
correlation length controlling the spatial nonlocality of
the flow grows with the liquid shear viscosity, which becomes large as the liquid freezes. At a continuous liquidglass transition this correlation length diverges with a
universal critical exponent.8 In general, probing velocity
correlations in driven vortex arrays yields information on
vortex dynamics within a given phase, as well as on the
nature of the phase transitions connecting the various
phases.
As for ordinary matter, the shear rigidity of the vortex array can be probed by forcing the vortices to flow
in confined geometries obtained by engineering suitable
artificial pinning structures, as discussed for instance in
Ref. 8. Large scale spatial inhomogeneities can also be
introduced in the flow, even in the absence of pinning, by
applying a driving force with controlled spatial gradients,
as done recently by the Argonne group using the Corbino
disk geometry sketched in Fig. 1.9–11 In the Corbino disk
a radial driving current, I, yields a spatially inhomogeneous Lorentz force that decreases as ∼ 1/r, with r the
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FIG. 1. The Corbino disk geometry. The external magnetic field is out of the page. The electrical current flows
radially from the inner circumference to the outer rim of the
disk. The radial current density gives rise to a Lorentz force
which causes the vortices to moves in circular orbits around
the disk, without crossing the sample edges.
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evaluate the rate of thermal escape and use this to estimate the density of free dislocation, nf (σ, T ). The onset
of plasticity is then identified with the proliferation of unbound dislocations. For free boundary conditions (which
are appropriate for the Argonne experiments), the applied stress is largest near the center of the disk and, for
a fixed current I, dislocations unbind first near the inner
rim. We can then evaluate the critical current Ipl (r, T )
where the onset of plastic slip occurs as a function of
temperature T and of the radial distance from the center, with the result

Slippage occurs first in the inner region of the disk where
the Lorentz force is largest, and propagates to the outer
regions as the current is increased. In this regime of plastic response the dynamical correlation length controlling
velocity inhomogeneities can be identified with the separation between free dislocations that are continuously
created and annihilated by the strong local shear stresses.
In this paper, we present a theoretical analysis of these
experiments. A preliminary account of part of this work
was presented in Ref. 12. We describe the onset of plasticity in the driven vortex solid as a nonlinear effect due to
the stress-induced proliferation of unbound dislocations.
The static shear stress from the applied current yields a
Peach-Koehler force that pulls apart neutral, bound dislocation pairs present in the lattice in equilibrium. As
a result, a finite density, nf (σ, T ), of free dislocations is
generated in the solid. Such unbound dislocations can
then contribute to the relaxation of the shear, resulting
in a highly nonlinear response to the applied current.
This mechanism for nonlinear shear relaxation has been
studied before in the context of superfluid films13 , 2D
solids14,15 and smectic liquid crystal films16 . In all this
cases, the response to a spatially inhomogeneous shear
was considered. Here we adapt this work to the case
where the external shear is spatially inhomogeneous, but
still slowly varying on the length scales of interest.
Although this paper deals specifically with the onset of plasticity in vortex lattices in the Corbino disk
geometry, the methods and results presented have a
more general interest. In particular, the Langevin and
Fokker-Planck descriptions of dislocation dynamics in a
spatially-inhomogeneous stress field can be used to describe nonlinear shear relaxation in other systems and
geometries. Our work is for instance relevant to the
defect dynamics in two-dimensional colloidal crystals,
where individual point defects can be created and manipulated with optical tweezers.17,18 Although only vacancies and interstitials have been considered so far, 2d
colloids, where direct real space and time imaging of defects is possible, may be especially suitable for studying
in details the dynamics of dislocations in the presence of
external stresses.
We begin in Section II with a brief review of the
Corbino disk geometry and of the qualitatively different response of a vortex liquid and a vortex solid to an
applied radial current. In the vortex solid, static elastic
deformations yield a local shear stress σ(r, I), which, for
the case of free boundary conditions, decreases as ∼ 1/r2 .
This stress can break bound dislocation pairs present in
the solid in equilibrium, as shown in sections III and IV.
For a finite external stress, the total interaction energy of
a neutral dislocation pair exhibits a saddle point with a finite barrier at a value xc ∼ 1/σ(r) of the pair separation.
At zero temperature, the pair unbinds when the stress is
large enough that xc (σ) ∼ a0 . At finite temperature unbinding takes place when the pair escapes via thermal
activation over the barrier. Using Langevin and FokkerPlanck descriptions of the dynamics of bound pairs, we

Ipl (r, T ) =

I0 (T )
,
1 + A/r2

(1.1)

with A = 2R12 R22 ln(R2 /R1 )/(R22 − R12 ) a geometrical factor. The characteristic current scale I0 (T ) =
4cc66 t/B0 exp[−b/(TM −T )1/2 ] is the current where shear
induced proliferation of dislocations occurs across the
entire sample, with TM the Kosterlitz-Thouless melting
temperature and b a numerical constant.19 As observed
in experiments, for fixed T , the current Ipl increases away
from the center of the disk. Conversely, for fixed r, it is
strongly temperature dependent and it decreases as the
melting point TM is approached from below.
II. THE CORBINO DISK GEOMETRY

The Corbino disk geometry was used recently by the
Argonne group to introduce controlled spatial inhomogeneities in driven vortex arrays and study the onset of
plasticity in clean samples, near the first order melting
transition.10 The same geometry has been used before to
minimize edge effects20 and also to study the Hall effect
in type-I superconductors21 .
The Corbino disk is an annular superconducting slab
placed in a magnetic field parallel to its axis (chosen here
as the ẑ direction), as shown in Fig. I. A current I is injected at the center of the disk and removed at the outer
boundary, creating a radial current density,
J(r) =

I
r̂ ,
2πrt

(2.1)

where r is the radial distance from the center and t the
thickness of the disk. With the magnetic field applied
along the disk axis, the Lorentz force density on the vortices is azimuthal, with
fL (r) =

1
B0 J(r)φ̂ ,
c

(2.2)

and drives the vortices to move in circular orbits around
the disk, without crossing the sample edges. Here,
B0 = n0 φ0 is the average magnetic induction in the sample and φ̂ = ẑ × r̂ is the unit vector in the tangential
direction. In this geometry, the driving force is spatially
inhomogeneous and stronger near the center of the disk,
2

The spatial dependence of the Lorentz force makes it
possible for all of the types of reponse mentioned above to
coexist at a given value of the applied current. Near the
inner radius of the disk the shear stress is very large and
the vortex array flows like a liquid, with a logarithmic
scaling of the voltage drop with the contact positions. In
the middle of the disk the motion is plastic, with dislocations continuously being created and annihilated. Near
the outer radius the shear stress is very small and the
vortex array rotates as a rigid body. Evidence for the
coexistence of these behaviors was obtained in Ref. 10 by
measuring the potential drops across successive pairs of
electrodes.
In this article, we describe the onset of plasticity in
the driven vortex solid as a nonlinear effect due to the
stress-induced proliferation of unbound dislocations. The
spatially inhomogeneous Lorentz force gives rise to elastic deformations of the vortex lattice described by the
solution of the equation

falling off as ∼ 1/r. It naturally yields spatially inhomogeneous distortions of the vortex array that can be
probed by placing a series of voltage taps in the radial
direction. As described below, the spatial dependence of
the voltage profile in this geometry is qualitatively different in the vortex liquid and solid phases and provides
a natural way to study the onset of plasticity.
As described in Ref. 10, in the liquid state, vortex motion is governed by the hydrodynamic equation for the
vortex flow velocity v,6,22
− γv + η∇2⊥ v = −fL ,

(2.3)

where γ(T, H) is the friction and η(T, H) the shear viscosity of the vortex liquid. The flow profile can be found
by solving Eq. (2.3) with suitable boundary conditions.12
The electric field induced by the vortex motion is then
obtained from
E=

1
B×v .
c

(2.4)

If the radial width of the disk ispmuch larger than the
viscous penetration length, δ = η/γ, the effect of the
boundaries is negligible and the velocity profile simply
follows the force profile, with v = fL /γ, i.e., v ∼ 1/r.
The voltage drop between the n-th and the n + 1-th electrodes is then given by


Z Rn+1
Rn+1
B2I
. (2.5)
E(r)dr = 20 ln
Vn,n+1 =
γc 2πt
Rn
Rn

fel + fL (r) = 0 ,
where fel is the elastic force density, given by,
fel,i = ∂j σij ,

σij = 2c66 uij + (c11 − c66 )δij ull ,

(2.10)

and uij = (∂j ui + ∂i uj )/2 the symmetrized strain tensor.
Elastic deformations are described in terms of the twodimensional displacement field, u, and c66 and c11 are
the shear and compressional moduli of the vortex lattice,
respectively. Since dense vortex arrays are practically
incompressible ( c11 >> c66 ), Eq. (2.8) becomes simply
c66 ∇2⊥ u = −fL (r) .

where ω is the angular velocity of rotation of the vortex
lattice, given by
1
B0 I
,
2
πcγ(R2 − R1 ) R2 + R12

(2.9)

with σij the stress tensor,

where Rn is the radial location of the n-th electrode. This
logarithmic scaling of the voltage characterizes fluid flow,
with neglible spatial inhomogeneities caused by viscous
effects at the boundaries.
In contrast, a vortex lattice with a finite shear modulus rotates as a rigid body due to the azimuthal applied
force, provided the shear stresses due to the local force
gradients are not too strong. This rigid body rotation
yields a local velocity that scales as ∼ r, with
Z Rn+1

B0 ω 2
E(r)dr =
Vn,n+1 =
Rn+1 − Rn2 , (2.6)
2c
Rn

ω=

(2.8)

(2.11)

The only nonvanishing component of the displacement
field is in the tangential direction, u(r) = uφ (r) φ̂
and yields a stress σrφ = 2c66 urφ . For free boundary
conditions23 at the inner and outer circumference of the
disk, [∂r u]r=R1 = [∂r u]r=R2 = 0 , we obtain

(2.7)

with R1 and R2 the inner and outer radii of the disk, respectively. Above a certain value of the applied current,
the local shear stresses become strong enough to break
the lattice bonds, or generate unbound dislocations. In
this regime, one obtains a plastic response where the lattice “breaks” into two or more concentric annular sections
rotating at different angular velocities and slipping past
each other due to the continuous generation and recombination of topological defects. Such a plastic response
is evident in the experiments by the Argonne group.10



1
2R12 R22
IB0
1 + 2 ln (R2 /R1 ) 2
. (2.12)
σrφ (r) = −
4cπt
r
R2 − R12
The spatially inhomogeneous stress given by Eq. (2.12)
decreases as 1/r2 and gives rise to a Peach-Koehler force
that can unbind dislocations from bound pairs, yielding
free dislocations that in turn contribute to the relaxation
of the applied shear.
3

tices are essentially rigid rods.25 In this limit, only edge
dislocations can occur in the Abrikosov lattice. The dislocation lines are aligned with the z direction and their
Burgers vectors lie in the xy plane. The geometry and
Both edge and screw dislocations can occur in the vorproperties of such rigid dislocation lines are the same as
tex lattice. The geometry and properties of such dislocathose of point dislocations in two-dimensional lattices. In
tion lines has been discussed for instance in Ref. 24. For
particular, the bare interaction energy of an isolated pair
simplicity here we assume that the disk is sufficiently thin
of dislocations of Burgers vectors b(1) and b(2) , located
that thermally-induced vortex wandering in the direction
at r1 and r2 , is given by,
transverse to the applied field is negligible and the vor



K0
|r1 − r2 |
b(1) · (r1 − r2 ) b(2) · (r1 − r2 )
U0B (r1 − r2 ) =
b(1) · b(2) ln
(3.1)
−
4π
a0
|r1 − r2 |2

Ec t 
+ 2 |b(1) |2 + |b(2) |2 ,
a0
III. DYNAMICS OF NEUTRAL DISLOCATION
PAIRS

where Ec ∼ c66 a20 is the core energy per unit length of an
edge dislocation and the coupling constant K0 is given
by
K0 = 4c66 (c11 − c66 )t/c11 ≈ 4c66 t .

At equilibrium, in the absence of external stresses, the
probability per unit area Γ0 (ρ) of finding a pair of dislocation of separation ρ is given by

(3.2)

Γ0 (ρ) =

The last approximate equality in Eq. (3.2) holds for incompressible lattices. The (dimensionful) Burgers vector
b is defined as the jump in the displacement u upon integration around a closed contour,
I
du = b .
(3.3)

h
i
1
exp − U0 (ρ)/kB T .
4
a0

(3.6)

and remains very small away from the KosterlitzThouless melting transition, TM = K0 a20 /(16πkB ). Following Ref. 16, the density of pairs on scales ρ is equivalently defined by the equation,
dΓ0
K0
=−
Γ0 (ρ) ,
dρ
ǫ(ρ)ρ

We are interested here in the nucleation of free dislocations from bound pairs. The interaction energy of a
neutral pair, consisting of two dislocations of opposite
Burgers vectors, b(1) = −b(2) = −b, is
  

|ρ|
K0 a20
2
B
ln
− cos θ + 2Ec t ,
(3.4)
U0 (ρ) =
4π
a0

(3.7)

with
K0 =

K0 a20
4πkB T

(3.8)

a dimensionless coupling constant. Equation (3.7) is
naturally rewritten in terms of a scale dependent stiffness, K(ρ) = K 0 /ǫ(ρ), and a dislocation fugacity, y(ρ),
with [y(ρ)]2 = ρ4Γ0 (ρ).27 The bare fugacity is simply
y0 = y(a0 ) = exp − Ec t/kB T . One can then see immediately that Eq. (3.7) is nothing but the first of the
Kosterlitz-Thouless recursion relations, usually written
in terms of the fugacity as

where ρ = r1 − r2 and θ is the angle between ρ and b.
The quantity 2Ec t represents the energy to create a pair
of straight edge dislocations of length t at a distance a0
relative to a dislocation-free system. It plays the role of a
chemical potential for dislocation pairs. The strictly twodimensional limit of point vortices (as opposed to the case
of rigid vortex lines considered here) is recovered by the
2d
replacement c66 t → c2d
66 , where c66 and c66 are the shear
moduli of a three-dimensional and of a two-dimensional
lattice, respectively.
In general, many dislocation pairs will be present in
the lattice. The interaction of a given pair is then renormalized by a screening cloud of other pairs. Following
Kosterlitz and Thouless,19 this effect can be described in
terms of a scale-dependent dielectric constant, ǫ(ρ). Neglecting the angular part of the dislocation interaction,
which is a marginal perturbation at large length scales26 ,
the effective interaction of a neutral pair is given by
Z
K0 a20 ρ dρ′
+ 2Ec t .
(3.5)
U0 (ρ) =
4π a0 ǫ(ρ′ )ρ′

h
dy
K(ρ) i
y.
= 2−
d ln ρ
2

(3.9)

The scale-dependence of the stiffness arises from the polarization of dislocation pairs and is governed by the second KT recursion relation,
−1

dK
= 2π 2 y 2 .
d ln ρ

(3.10)

It is well known that the KT flow equations yield a lowtemperature phase with finite long-wavelength dielectric
constant, separated by a high-temperature phase where
4

The force FPK(ν) is the Peach-Koehler force from the external stress and it is given by

ǫ(ρ) → ∞ at large scales and unbound dislocations proliferate. The melting occurs at K = 4.19
To discuss the nonequilibrium nucleation of free dislocations from bound pairs under the action of an applied
stress, we need to study the dynamics of neutral dislocation pairs as they move under the action of their mutual
interaction and of the Peach-Koehler force due to the
external stress field. The position rν of the Burgers vector b(ν) is assumed to obey a Langevin equation of the
form,28
 X

drνi
∂U0 (rν − rµ )
PK(ν)
(ν)
(rν ) (3.11)
+ Fj
= µij −
dt
∂rνj

PK(ν)

Fi

(ν)

+ηi (t) ,

ρ = r1 − r2 ,
r1 + r2
.
RCM =
2

(ν)

where Latin indices denote Cartesian components, µij
(ν)

(ν)

(µ)

is a random white noise,

(ν)

hηi (t)ηj (t′ )i = 2kB T µij δµν δ(t − t′ ) .

and

(3.14)

The Langevin equations for the center of mass and relative coordinates of a single pair are then given by

(3.12)

h
i

dRCMi
1
= µij ǫjk bl σkl RCM + ρ/2 − σkl RCM − ρ/2 + ηiCM (t) ,
dt
2
h
i

dρi
∂U0 (ρ)
+ ηi (t) ,
= µij ǫjk bl σkl RCM + ρ/2 + σkl RCM − ρ/2 − 2µij
dt
∂ρj

where η = η (2) − η (1) and η CM = (η (2) + η (1) )/2. Assuming that all dislocations have the same mobility, i.e.,
(n)
µij = µij for all n, we obtain
hηi (t)ηj (t′ )i = 2kB T µij δ(t − t′ ) ,
kB T
hηiCM (t)ηjCM (t′ )i =
µij δ(t − t′ ) .
2

(3.13)

Notice that in the case of interest here the external stress
is spatially inhomogeneous and the Peach-Koehler force
on the n-th Burgers vector is evaluated at the location of
the Burgers vector.
As we are interested in the dynamics of a neutral pair,
it is convenient to introduce the center of mass and relative coordinates of the pair as

µ6=ν

is the mobility tensor, and ηi
with

(ν)

(rν ) = −ǫij σjk (rν )bk .

µij = µglide b̂i b̂j + µclimb(δij − b̂i b̂j ) ,

(3.15)

(3.16)

(3.21)

where µglide and µclimb are the mobility associated with
the motion of a dislocation in its glide plane (defined by
its Burgers vector and ẑ) and perpendicular to the glide
plane (climb), respectively, and b̂ = b/a0 . Since climb
can only occur with the creation of vacancies and interstitials, µclimb >> µglide 29 . The motion of our edge
dislocations is then predominantly unidirectional, along
the direction of the Burgers vector. It is convenient to
separate the relative displacement of the pair, ρ, into its
components along the glide and climb directions,

(3.17)
(3.18)

We now assume that both R1 and the width of the disk,
R2 − R1 , are much larger than a0 , so that the stress field
can be considered uniform on the scale a0 of the initial
separation between the dislocations of the pair. We then
expand the Peach-Koehler force about its value at the
center of mass of the pair. To leading order, we obtain

ρ = b̂x + (ẑ × b̂)y ,

(3.22)

where x = b̂ · ρ and y = (ẑ × b̂) · ρ. The Langevin equation for the separation along the glide direction is then
given by


∂U0 (ρ)
dx
≃ 2µglide −
+ a0 σk (RCM ) + ηk (t) . (3.23)
dt
∂x

dRCM
≃ η CM (t) ,
(3.19)
dt


dρi
∂U0 (ρ)
+ ǫjk σkl (RCM )bl + ηi (t) . (3.20)
≃ 2µij −
dt
∂ρj
The center of mass of the pair performs free thermal
Brownian motion. We will focus below on the dynamics of the relative coordinate.
The Langevin equation for the relative coordinate can
be simplified if we take into account that climb motion
is much slower than glide, yielding a strong anisotropy
in the diffusion of dislocations. In general the mobility
tensor can be written as

where
σk (RCM ) = b̂i ǫij σjk (RCM )b̂k ,

(3.24)

hηk (t)ηk (t′ )i = 2kB T µglide δ(t − t′ ) .

(3.25)

and

5

where xc is the solution of the equation

The Langevin equation for the pair separation can also
be written in terms of the total potential energy of the
neutral pair in the presence of the external stress as
∂U (ρ)
dx
= −2µglide
+ ηk (t) ,
dt
∂x

a0 σxc = K(xc )kB T .

At low temperatures, where the coupling constant can be
replaced by its bare value, we obtain

(3.26)

where
xc (r) ≈


1 
U (ρ) = U0 (ρ) + ρi ǫij b̂k + ǫik b̂j σjk (RCM )t . (3.27)
2

K 0 a0
.
4πσ(r)

(3.32)

The neutral pair can unbind by escaping over the barrier.
This process creates a pair of free dislocations that then
contributes to relaxing the applied stress.

For the geometry of interest here the only non-vanishing
component of the stress tensor σij is σrφ given in Eq.
(2.12). The neutral pairs that can be unbound by this
stress when climb is forbidden are those with Burgers vectors along the tangential direction of the disk. Denoting
simply by r the location of the center of mass of the pair
relative to the center of the disk and assuming that the
separation ∼ a0 of the neutral pair is small compared to
the width of the disk, the interaction energy of the pair
can be written as
U (ρ) ≈ U0 (ρ) − a0 xσ(r) ,

(3.31)

9.25
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U4π
K0 a20 8.25

(3.28)

where σ(r) = −σrφ (r) > 0 is obtained from Eq.(2.12).
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FIG. 3. The interaction energy a neutral dislocation pair
in the presence of an applied shear stress as a function of the
pair separation along the glide direction, x, for y = 4a0 . The
value used for the applied stress corresponds to xc = 50a0 .
The dashed line shows the interaction energy of the pair for
σ = 0.

FIG. 2. A pair of dislocations with opposite Burgers vectors. The Burgers vectors are in the tangential direction. The
sketch shows the orientation of the pair, but it is not to scale.
Also shown is the local coordinate system with axis along the
glide and climb directions of the pair used in the text.

At zero temperature the pair can be said to unbind
when the saddle point x0 occurs at a length scale of order
a0 . In thick samples, like the one used in the experiments
by the Argonne group, this may indeed be the relevant
mechanism for unbinding. In thin films on the contrary,
we will see that thermal activation plays the dominant
role.
To obtain a simple estimate of the critical value of the
applied stress where unbinding will occur at zero or very
low temperatures, we use the bare value of the pair binding energy and consider a pair with θ = 0, i.e., y = 0. The
saddle point is then given by Eq. (3.32) and unbinding
can be estimated to occur when xc (r) ∼ a0 , corresponding to a critical stress

A plot of the interaction energy U (x, y) as a function
of the separation in the glide direction, x, for finite y is
shown in Fig. 3. For simplicity we neglect the angular
part of the interaction in zero shear and simply use Eq.
(3.5) for U0 . This approximation does not change the
qualitative behavior of the results obtained below. For
a finite value of the applied stress, the interaction has a
saddle point at a location x0 (y) on the positive x axis
(for σrφ < 0), defined by [∂U/∂x]x=x0 = 0 and given by
the solution of
a0 σρ20 = x0 K(ρ0 )kB T ,
p
where ρ0 (y) = x20 (y) + y 2 . For small y,30
x0 (y) ≈ xc − 2

y2
,
xc

(3.29)

0
σcr
(r) ≈ K0 /(4πt) .

(3.33)

This is the simplest “criterion” for the onset of plasticity. By solving for r, one obtains the critical radius rpl (I)

(3.30)
6

with

where shear induced dislocation unbinding occurs, yielding slippage of neighboring annular sections of the vortex
lattice,
1/2 s
 

2R12 R22
R2
I
,
(3.34)
ln
rpl (I) =
I0 − I
R22 − R12
R1

Jx (x, y) = −2D[(∂x u)Γ + ∂x Γ]
= −2De−u ∂x (eu Γ) .

In a steady state, Eq. (4.3) reduces to ∂x Jx = 0 and
the current of dislocation pairs (which change their separation in the glide (x) direction) is only a function of the
pair separation in the climb (y) direction. It is given by

where I0 = cc66 t/B0 is the current where shear induced
proliferation of dislocations occurs across the entire sample.
If we use typical parameters of the experiment by the
Argonne group (R1 ≈ 35µm, R2 ≈ 350µm, t ≈ 10µm,
H ≈ 4T , and I ≈ 15mA in YBCO), we obtain rpl ≈
100µm. The critical radius rpl (I) which marks the onset
of plasticity increases with current, indicating that, since
the shear stress is largest near the inner circumference
of the disk, “plastic flow” occurs first in annular sections
close to the axis. This behavior is qualitatively consistent with the experimental observations. An interesting
result of our simple model is that, at high fields, the current scale I0 , and therefore rpl (I), are independent of the
field.

eu(x,y) Γ(x, y)
Jx (y) = 2D R ∞ ′ u(x′ ,y) ,
dx e
x

x

The integral on the left hand side of Eq. (4.6) is dominated by the saddle point and the lower limit of integration can therefore be extended to −∞. The integral
is evaluated by the method of steepest descent, with the
result,
s
Z ∞
2π
′ u(x′ ,y)
eu(ρM (y)) . (4.7)
dx e
≈
|[∂x2 u(ρ)]ρ=ρM (y) |
x

At finite temperatures, neutral dislocation pairs can
unbind by going over the barrier via thermal activation. This is certainly the most relevant mechanism
in two dimensions or in thin samples. The theory of
stress relaxation via nonlinear unbinding of dislocation
pairs was developed some time ago by Ambegaokar and
collaborators13 for superfluid films and by Bruinsma,
Halperin, and Zippelius14 for two-dimensional crystals,
and recently applied by Franosch and Nelson16 to describe nonlinear shear relaxation in smectic liquid crystal
films.
Using standard methods, it is convenient to transform
the Langevin equation for the pair separation ρ into a
Fokker-Planck equation for the density of pairs, Γ(ρ),31 ,
given by,

To evaluate Γ(ρ) on the right hand side of Eq. 4.6,
we first notice that in the absence of external stress
the density Γ will assume its equilibrium form, Γ0 (ρ) =
(1/a40 )e−u0 (ρ) . For small stresses and |x| << xM , we assume that a local equilibrium “barometric” form holds,
i.e., Γ(x2 , y) = Γ(x1 , y)e−[u(x2 ,y)−u(x1 ,y)] . The absence
of climb implies that the integrated pair density at any
y-cross section remains the same before and after the application of stress,
Z ∞
Z ∞
dx2 Γ(x2 , y)
(4.8)
dx2 Γ0 (x2 , y) =
−∞
−∞
Z ∞
≈
dx2 Γ(x1 , y)e−[u(x2 ,y)−u(x1 ,y)] .

(4.1)

−∞

where
Ji = −µij





∂U0
− ǫjk σkl (r)bl Γ + kB T ∂j Γ
∂ρj

The main contribution to the integral in the last equality
comes from the saddle-point of the full potential u(x, y),
while the integral in the first term is dominated by the
saddle point x = 0 of the potential in the absence of shear
stress. After some algebra, we obtain

 a σy −1
1
0
.
(4.9)
Γ(x, y)eu(x,y) ≈ 4 cosh
a0
kB T

(4.2)

is the local current of pairs and r the center of mass of
the pair.
Again, we separate the relative displacement ρ in components along the glide and climb directions, as in Eq.
(3.22), and neglect climb. Introducing a diffusion constant for glide, D = µglide /kB T , and letting u = U/kB T ,
the Fokker-Planck equation can be written as,
∂t Γ = −∂x Jx ,

(4.5)

where x is an arbitrary position (with x >> a0 , so that
the shear stress can be considered uniform). For x → ∞
we expect that the dislocation pair probability density,
Γ, vanishes rapidly, yielding
Z ∞
′
Jx (y)
dx′ eu(x ,y ) = 2D eu(x,y) Γ(x, y) .
(4.6)

IV. THERMAL UNBINDING

∂t Γ = −∂i Ji ,

(4.4)

Finally, the current is given by,
p
2D |[∂x2 u(ρ)]ρ=ρ0 (y) | −u(ρ0 (y))
 e

Jx (y) ≈ √
.
2πa40 cosh ak0Bσy
T

(4.3)
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(4.10)

−
and diverges as T → TM
. In this regime the fugacity
is given by y(ρ >> ξ− ) ≈ α(T )ρ−α(T )/2 . If xc >> ξ− ,
the coupling constant and the fugacity in Eq. (4.14) can
be replaced by their large scale values and the density of
free dislocations is given by

The main approximation used in obtaining this result is
that of rare escapes over a high barrier. This requires
K >> 1 , which is practically always satisfied as K assumes its smallest value, K = 4, at TM . We also must
have x0 >> a0 , which imposes an upper limit to the
value of the external stress.
The dissociation rate of bound dislocation pairs per
unit area of the lattice is given by
Z
Z ∞
Z +∞
d +∞
R=
dy
dxΓ(x, y) =
dyJx (y) .
dt −∞
x0 (y)
−∞

nf ∼ α(T )xc−(2+α(T )/2)

nf ∼ σ 2+α(T )/2 .

(4.12)

Dislocations of opposite Burgers vectors recombine
when they come within x0 (y) ≈ xc of each other. The
net production rate of free dislocations is then given by13
∂nf
= R − hvixc n2f ,
∂t

The density of free dislocations is then given by
nf ∼

(4.13)

nf (T, σ) ≈ n0f (T )

(4.14)

1
y0
= 2 e−Ec t/kB T .
2
a0
a0

(4.15)

The applied shear enhances exponentially nf (T, σ) over
its equilibrium value. Equation (4.14) is one of the main
results of this section.
To find the explicit dependence of nf on the applied
stress, we need to consider the relative importance of
the two length scales entering the problem: the location
xc of the saddle point and the Kosterlitz-Thouless correlation length ξ− (T ), which measures the proximity to
the melting transition below TM . The KT correlation
length ξ− is defined as the length scale above which the
scale-dependent interaction K(ρ) can be approximated
by
limit, K(ρ >> ξ− ) ≈ K(ρ = ∞) =
 its large distance

4 1 + α(T )/4 , with α(T ) ∼ (TM − T )1/2 . It is given by
ξ− (T ) = a0 e1/α(T ) ,

(4.20)

a20 eK 0 /2
∼ σ2 .
x2c K 3/4

(4.21)

0

At a finite temperature below TM we can define a condition for “shear-induced melting” as the value of the
external stress where xc (σ) ≃ ξ− (T ). Notice that for
T << TM , this condition reduces to the one used at
T = 0 to obtain Eq. (3.33). By solving this for σ as
a function of T , we find that near TM the critical shear
stress σc (r) where unbound dislocations proliferate in the
vortex lattice is given by

For comparison, the density of free dislocations in equilibrium, in the absence of external stress, is given by
n0f (T ) =

−1
1 2
ln(xc /a0 )
∼ σ2 .
xc

For a Corbino disk of finite thickness t the corresponding Kosterlitz-Thouless transition temperature32
TM = c66 ta20 /4πkB is very large, so that all temperatures
of interest are well below TM . In this region, ξ− ∼ a0
and the coupling constant and the fugacity in Eq. (4.14)
can be replaced by their bare values. The density of free
dislocations induced by the external stress is given by

where nf is the areal density of free dislocations. The
second term on the right hand side of Eq. (4.13) is the recombination rate, with hvi ≈ a0 σD/kB T the mean glide
velocity of a free dislocation under the shearing force
σa0 . In the steady
p state the density of free dislocations
is given by nf ≈ R/(hvixc ), or
√ y(xc ) eK(xc )/2
.
nf (T, σ) ≈ 2 2 
xc K(xc )3/4

(4.18)

The condition xc >> ξ− or 4πσ/K0 << e−1/α(T ) will
apply for sufficiently small stress σ, not too close to TM .
As TM is approached from below, eventually one obtains
ξ− >> xc . In this regime one can approximate13
h
i
1
K(xc ) ≈ 4 1 +
,
(4.19)
2 ln(xc /a0 )

−1
y(xc ) ≈ ln(xc /a0 )
.

To evaluate this integral, we use a saddle-point approximation about y = 0, with the result,
eK(xc )
2D 2
y (xc ) q
.
4
xc
K(xc )

(4.17)

which yields

(4.11)

R≃

e2(1+α(T )/4)
,
(1 + α(T )/4)1/4

σc (r) ∼

K0 −b/(TM −T )1/2
e
,
4π

(4.22)

with b > 0 a numerical constant. The temperature dependence of this simple estimate is consistent with the
experimental observation by the Argonne group that the
applied stress (which is determined by the driving current) required for the onset of plasticity decreases with
increasing temperature (see Fig. 4 of Ref. 10). By combining the various estimates for the critical shear stress
where unbound dislocations proliferate, i.e. the vortex
lattice is “shear-melted”, we obtain the schematic phase
diagram shown in Fig. 4.

(4.16)
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presence of unbound dislocations, the displacement field
is no longer single-valued, as indicated in Eq. (3.3), and
local deformations of the medium are more conveniently
described in terms of the local strain wij . Since free dislocations are always created in pairs, the Burgers-vector
density is conserved,

Shear stress σ

K0
4π

liquid
response

elastic
response

∂t Bi + ∂j Jji = 0 ,

(4.25)

where Jji is the current of the i-th component of Burgersvector density in the j-th direction, namely
Jji =
TM

Temperature T

X

(ν) drνj

b̂i

dt

ν

δ(r − rν ) .

(4.26)

The equation for the displacement field is replaced by an
equation for the local strain, given by

FIG. 4. A schematic phase diagram in the (σ, T ) plane.
The dashed vertical line is the location of the Kosterlitz-Thouless melting temperature TM where thermal unbinding of neutral pairs occurs in the absence of external shear.
At a finite shear stress, free dislocations proliferate at the
lower temperature denoted by the thick continuous-dashed
line. Even at T = 0 a finite shear stress ∼ K0 /4π is sufficient
to free bound pairs. The dashed portion of the line separating the regions where neutral pairs are bound and the vortex
lattice responds elastically from the region where free dislocations proliferate and the vortex arrays flows plastically is an
−
interpolation (by eye) between the low and high (T → TM
)
estimates obtained in the text.

∂t wij =

1
∂i jj + a0 ǫik Jkj ,
n0

(4.27)

where j = n0 v (to linear order) is the number current
density, with v the local velocity of the vortex array.
In the Corbino disk geometry of interest here, the only
nonvanishing component of the dislocation current is in
the azimuthal direction. Combining Eq. (4.27) (specialized to a steady state) with the results obtained in section
IV, we estimate,
∂r vφ (r) = −a0 Jφφ ∼ [σ(r)]1+K (xc )/2 ,

Finally, recalling that in the Corbino disk geometry
the external stress has the spatially inhomogeneous form
given in Eq. (2.12), we can solve Eq. (4.22) for the
critical radius rpl (I, T ) where shear-melting first takes
place for a given value of applied current and temperature. We find that Eq. (3.34) for the critical radius
at T = 0 generalizes simply to finite temperatures as
rpl (I, T ) is obtained from Eq. (3.34) by the replacement
I0 → I0 (T ) = I0 exp − b/(TM − T )1/2 .
In the region below TM and above σc (r), the driven
vortex array can be described as a lattice with a concentration nf (σ(r), T ) of unbound dislocations, moving at
a steady rate along the direction of their Burgers vectors. Moving dislocations relax a strain. This provides a
mechanism for nonlinear stress relaxation that naturally
yields nonlinear IV characteristics in the superconductor.
Assuming that the annular width of the disk is much
larger than a0 , so that a hydrodynamic description can
be used, we define a Burgers-vector density,
X
B(r, t) =
b̂(ν) δ(r − rν ) ,
(4.23)

(4.28)

where we have used Eq. (4.10) evaluated at y = 0 to
obtain the dependence of the dislocation current on the
shear stress. The dependence on shear rate is highly nonlinear as xc ∼ 1/σ(r). The field from flux motion is radial
and its magnitude is
E(r) =

1
B0 vφ (r) .
c

(4.29)

The net voltage drop across the disk is given by
∆V =

Z

R2

R1

E(r)dr ∼

Z

R2

R1

dr

Z

r

dr′ [σ(r′ )]1+K(xc )/2 .

R1

(4.30)
If xc >> ξ− (T ), we can replace K by its asymptotic
value. Since σ(r) ∼ I, this immediately gives a nonlinear
dependence ∆V ∼ I 3+α/8 . The exponent α is nonuniversal, with α ∼ (TM − T )1/2 .

ν

V. DISCUSSION

which is related to the local strain in the lattice by
ǫik ∂k wij = a0 Bj ,

We have presented a theoretical analysis of recent
transport experiments on vortex lattices in the Corbino
disk geometry. In the experiments, the onset of plasticity corresponds to the onset of nonlinearity in the IV

(4.24)

where wij is the unsymmetrized strain tensor. It is related to the displacement field by wij = ∂i uj . In the
9

ing to consider dislocation dynamics in the presence of
quenched disorder.

characteristics and an unconventional scaling of the voltage with radial distance from the center of the disk.9–11
The nonlinear voltage-current scaling is found to be
∆V ∼ I 3+α(T )/8 , with α a nonuniversal exponent that
depends on temperature.
In our theoretical model, the onset of plasticity is associated with the proliferation of free dislocations which
break away from tightly bound pairs. In general, two
mechanisms can be responsible for the nucleation of free
dislocations from bound pairs: an externally applied
shear stress and thermal fluctuations. In the absence
of external shear, the thermally induced proliferation of
free dislocations is simply the Kosterlitz-Thouless melting transition of the lattice. A finite shear stress as the
one imposed on the vortex lattice by the external current in the Corbino experiment can unbind dislocations
below the KT transition temperature and even at T = 0.
Using standard methods of stochastic dynamics, we have
calculated the density of free dislocations as a function of
applied stress and the temperature. In contrast to earlier work on nonlinear shear relaxation in superfluid,13
solid15,14 and smectic16 films, here the external stress is
spatially inhomogeneous. As a result, proliferation of
unbound dislocations occurs for different values of the
external current at different locations in the disk.
The mechanism for the onset of plasticity proposed
here, namely the proliferation of free dislocations, is certainly relevant for thin Corbino disks, where the vortex
lattice is essentially two-dimensional. In order to compare our results with the experiments we have assumed
that even in a Corbino disk of finite thickness dislocations
are essentially rigid over the thickness of the sample —
in other words screw dislocations are excluded. In this
case, the problem becomes essentially two-dimensional.
The energy cost for creating a dislocation pair is, however, proportional to the sample thickness. This raises
considerably the barrier that bound pairs have to overcome to unbind via thermal activation. The finite temperature calculation may therefore only be relevant in
very thin samples, while in thick disks the physics is captured by the simple T = 0 estimate described in Section
3. Both at zero and finite temperature, our results, however, agree qualitatively with the experimental observations, indicating that a simple picture of stress-induced
dislocation unbinding can account for the spatial dependence of the onset of plasticity. Specifically, we find that
(1) “shear-induced melting” starts at the inner boundary
and propagates towards the outer rim of the disk as the
driving current is increased, (2) the “critical” current for
the onset of plastic slip of concentric vortex lattice planes
decreases with increasing temperature, and (3) the calculated critical radius where plastic slip occurs for a fixed
current is of the same order of magnitude as the value
measured in experiments.
A direction for future work is the study of the role
of dislocation climb, which will of course require to couple dislocation dynamics to that of vacancies and interstitials. In addition, it would clearly be very interest-
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